On vertex-transitive, non-Cayley graphs of order pqr  by Seress, Ákos
DISCRETE 
MATHEMATICS 
ELSEVIER Discrete Mathematics 182 (1998) 279-292 
On vertex-transitive, non-Cayley graphs of order pqr  1 
/~&os Seress  
Department ofMathematics, The Ohio State University, 231 W 18th Avenue, Columbus, 
OH 43210, USA 
Received 10 October 1995; received in revised form 11 September 1996; accepted 15 May 1997 
Abstract 
In 1983, D. Maru~ifi initiated the determination of the set NC of non-Cayley numbers. A 
number n belongs to NC if there exists a vertex-transitive, non-Cayley graph of order n. The 
status of all non-square-free numbers and the case when n is the product of two primes was 
settled recently by B.D. McKay and C.E. Praeger. Here we deal with the smallest unsolved case, 
when n is the product of three distinct odd primes. We list a set of numbers n of this form which 
belong to NC. We also show that if there exists a vertex-primitive or quasiprimitive non-Cayley 
graph of order n = pqr then the number n occurs on our list. Moreover, we conjecture that the 
list we compiled contains all non-Cayley numbers of the form n = pqr. 
I. Introduction 
For a graph F, we denote by V(F), E (F ) ,  and Aut(F)  the vertex set, edge set, and 
automorphism group of  F, respectively. The cardinality of V(F) is called the order of 
the graph. We say that F is vertex-transitive i f  Aut (F)  acts transitively on V(F). 
Let G be a group, and suppose that S C G satisfies S = S - l .  The Cayley graph 
F(G,S) is defined to have vertex set G; for g, hEG,  {g,h} is an edge if and only 
i f  gs = h for some s E S. Since G acts regularly (by left multiplication) as automor- 
phisms of  F(G, S), every Cayley graph is vertex-transitive. Conversely, if  Aut (F)  has 
a regular subgroup G for some graph F, then F is isomorphic to a Cayley graph 
of  G. 
In this paper, we are interested in vertex-transitive graphs which are not Cayley 
graphs. The orders of such graphs are called non-Cayley numbers, and we denote the 
set of  non-Cayley numbers by NC. In [8], Maru~ifi proposed the determination of NC 
and in [9], he proved that p, p2, p3 ~NC for prime p. McKay and Praeger [13,14] 
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settled the status of all non-square-free numbers: all non-square-free numbers n are in 
NC, with the exceptions n --- 12, n = p2, n -- p3, p prime. 
Hence, the remaining task is to determine the status of square-free numbers. Note 
that if a graph F of order n witnesses that n E NC then k disjoint copies of F show 
that nk E NC for all positive integers k. Therefore, it is worthwhile to concentrate on 
numbers with a few prime divisors. Based on a host of previous work [ 1,2, 5, 10,11, 16], 
McKay and Praeger [14] also finished the characterization of non-Cayley numbers 
which are the product of two distinct primes. 
Theorem 1.1. Let p < q be primes. Then pq ¢ NC /f and only i f  one o f  the following 
holds. 
(1) pZ[q_ 1. 
1 2 (2) q=2p-1  or q= 2(p +1).  
(3) q=2 t + 1 and (Pl2 t - 1 or p=2 t- I  - 1). 
(4) q=2 t - 1 and p- -2  t-1 + 1. 
(5) pq=7.11 .  
The next case is when the order is the product of three distinct primes. The subcase 
when one of the primes is 2 was handled by Miller and Praeger [15]. They showed that 
if n = 2qr and q l r -  1 or n - -2 .3 .11 then there is a vertex-transitive, non-Cayley graph 
with imprimitive automorphism group; moreover, for all other values of n = 2qr, there 
is no such graph. The investigation of graphs of order 2qr with primitive automorphism 
group is currently pursued by Greg Gamble. 
In this paper, we give constructions of vertex-transitive, non-Cayley graphs of order 
pqr, where p, q, r are distinct odd primes. We shall prove the following theorem. 
Theorem 1.2. The following numbers n = pqr are in NC. 
(1) p lq -  1 and q[ r -  1. 
(2) qr=2p+ 1 or q r=2p-  1 or q r=½(p+ 1). 
(3) q - - -3p+2,  r=½(3P+ 1) or q- - -6p+ 1, r=6p-  1. 
(4) pqr=(k  d/2 - 1)/(k - 1).(k a/2 + 1)/(k + 1).(k a-1 - 1)/(k - 1) with k ,d - l ,d /2  
prime. 
(5) pqr=(k  (a-1)/2 - 1) / (k -  1) . (k (d-W2+ 1)/(k + 1).(k a -  1 ) / (k -  1) with k,d, 
(d - 1 )/2 prime. 
(6) pqr = (k 5 - 1)/(k - 1 ). (k 2 - k + 1). (k  7 - 1 ) / (k  - 1 ) with k prime. 
(7) pqr = (2 2' + 1)(2 2t+' + 1). 
(8) pqr= 3.1 a 3(2 + 1).(2 a - 1) for  somepr ime d. 
1 a - 1).(22d+2 2 t (9) pqr= 7(2 + 1).(2 a + 1) with d= qz 1 prime. 
(10) pqr=(2  d±~ + l ) . (2  a - 1) with d prime. 
(11) pqr=3.11 .23  or 5.11.19 or 7.73.257 or 5.29.59. 
(12) qr= l (p2 + 1) or qr= 1 2 1) qr ~8(p z 1) or qr= 1 2 ~(p 1). ~(p - or = - 
(13) qr=2 t + 1 and pl2 t - 1. 
(14) q= ½(p-  1) and r [p+ 1. 
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A construction for line (1) is given in Section 2, while the constructions for lines 
(2)-(12) are in Section 3. Finally, the constructions for lines (13), (14) are in 
Section 4. 
We also prove that there are no more examples of non-Cayley numbers arising from 
graphs with primitive or quasiprimitive automorphism group. (Recall that a transitive 
permutation group is called quasiprimitive if it is imprimitive but it acts faithfully 
on every nontrivial block system. Equivalently, every nontrivial normal subgroup is 
transitive.) Let NCm denote the set of non-Cayley numbers which are the product of 
m distinct odd primes and all proper divisors are not in NC. 
Theorem 1.3. Let n = pqr and suppose that there exists a vertex-transitive, non- 
Cayley graph of order n with primitive or quasiprimitive automorphism group. Then 
n is a multiple of a number in NC2 or  n is listed in Theorem 1.2. 
Note that we do not determine the possible orders n = pqr of all vertex-transitive, 
non-Cayley graphs with primitive or quasiprimitive automorphism group. Namely, we 
do not attempt to construct graphs in the cases when there are primitive or quasiprim- 
itive groups of degree n but we already know from other reasons that n E NC. 
The case of non-Cayley graphs with imprimitive automorphism group requires further 
investigation. In Section 2, we give graphs with imprimitive automorphism group for 
an infinite family of orders n = pqr, which occur in line (1) of Theorem 1.2, and we 
conjecture that there will be no more examples of non-Cayley numbers. In other words, 
we conjecture that the conclusion of Theorem 1.3 holds for all n = pqr E NC: either n 
is a multiple of a number in NC2 or n is listed in Theorem 1.2. 
In all of our graph constructions, we start with a transitive group G acting on a 
set V. The group G acts on V × V by the rule (~,fl)~q := (~g,/~g). The G-orbits of this 
action on pairs are called the orbitals of G. For a fixed ~ E V, the orbits of G~ on V 
are called the suborbits of G. They are in on-to-one correspondence with the orbitals 
A of G by the map A~--~ {fie V:(c~,/~)E A}. 
For each orbital A of G, we can define its paired orbital P(A):= {(/~, ~)E V × V : 
(c~,/~) E A}. The orbital P(A) may or may not differ from A. If  P(A)=-A then we say 
that A is self-paired. A graph F is called a generalized orbital graph of G if V(F) = V 
and 
k k 
e(r) =U A~ uU e(a,) 
i--I i=1 
for some orbitals A 1 . . . . .  Ak of G. Since (~,/~) E E(F) if and only if (/~, ~) E E(F) for 
all (~,/~) E V × V, we may consider F as an undirected graph. Clearly, G ~<Aut(F). In 
our constructions of non-Cayley graphs, we start with an appropriately chosen group G, 
define a generalized orbital graph F, and prove that Aut(F) has no regular subgroup. 
2. A construction based on a solvable group 
The purpose of this section is to prove the following theorem. 
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Theorem 2.1. Let p,q,r  be primes such that P lq -  1 and qI r - 1. Then pqrENC. 
Our construction uses some ideas from a construction by Miller and Praeger [15], 
where they showed that 2qr C NC provided that qIr-  1. Their method can be generalized 
to the case when the smallest prime is odd; however, it relies heavily on the fact that 
p l r -  1 (which is fulfilled automatically when p=2) .  Our method works regardless 
whether p = 2 or p is odd, and whether p divides r -  1 or not. 
Suppose that P lq -  1 and q[ r -  1. Let 6, e be positive integers uch that q[6 p - 1 
and rl¢ q - 1 but q X6-  1 and r /~e-  1. Finally, for all 1 <~i<<.p, we define zi :=e (ap-'). 
Note that zi mod r depends only on the residue class of 6 mod q and e mod r, and does 
not depend on the particular choice of 6, e within the residue class. 
Next, we define the group on which the graph construction is based. Let 
G = (al,a2 . . . . .  ap, e,x), where the generators satisfy the following defining relations. 
(D1) a [= l  for all l<~i<.p. 
(D2) aiaj=ajai for all l~<i, j<~p. 
(D3) cq = l andx p = I. 
(D4) a~ =a z* and ~ =ai+l for 1 <~i<<.p, with the convention ap+l :=al .  
(D5) c x = c a. 
Perhaps it is easier to see what is going on in terms of matrices. (D1) and (D2) 
state that (al,a2 . . . . .  ap) is an elementary abelian r-group (i.e., vector space). (D4) 
states that c and x act on this vector space as linear transformations; the matrix of 
c is diagonal, while the matrix of x is a permutation matrix. So c x has a diagonal 
matrix and the entries on the diagonal can be obtained from the matrix of c by a 
cyclic permutation of the diagonal entries. The choice of the numbers zi ensures that 
(D5) is satisfied. 
From the discussion above, it is also clear that IGI =rPqp and 
1 < (al,a2 . . . . .  ap} < (at,a2 . . . . .  ap, C) < G (1) 
is a chief series of G. Let H = (al,a2 ....  ,ap_l). Then [G :HI = pqr, and G acts tran- 
sitively on the cosets of H. We shall define a graph F as a generalized orbital graph 
of G in this action. 
Because o f ( l ) ,  the cosets of H in G are HapeJx k for O<~i<r, O<~j<q, O<~k<p. 
Based on (D1)-(D5), the action of the generators of G on the cosets are given by the 
following table: 
~Ha~cJx k
Ha;cJx k "am= L Haip+ZPJcJxk 
HapcJx k . c = HapcJ+a-'x k, 
Ha;cJxk.x= ~ Ha; cjxk+l 
L m'/ 
if m ~ k mod p, 
if m -= k mod p, 
i f k#p-  1, 
i f k=p-  1. 
(2) 
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Using this multiplication table, we can also determine the suborbits corresponding to
the point stabilizer G~ :=H. The sets {Ha'pC j} give qr suborbits of length 1, while the 
sets {Ha~cJx k :j, k fixed, k ¢ 0} give (p -  1)q suborbits of length r. Also, the orbitals 
(H, Hap) c and (H, Ha-~ 1 )c, (H, Hc)C and (H, Hc -1 )a, (H, Hxk)6 and (H, Hx-k) c, k ~ 0 
are paired to each other, so the graph defined by 
p-1 
E(F) := (H, Hap) 6 U (H, Ha~ 1 )G U (H, Hc) 6 U (H, Hc -1 )6 U U (H, Hxk) G (3) 
k=l 
is a generalized orbital graph of G with valency (p - 1)r + 4. We shall prove that 
Aut(F) has no regular subgroup. The proof idea is taken from [15]. 
Let us call edges of F in (H, Hap)GU (H, Ha~ 1 )a type-1 edges, edges in (H, Hc)GU 
(H, Hc-I) G type-2 edges, and edges in p--1 k G Uk=l (H, Hx ) type-3 edges. We also define 
two partitions of V(F) as follows. For fixed j<q and k < p, let Bj, k := {Ha'pcJxk: 
O~<i<r} and for fixed k<p, let Ck :=-{Ha'peJx k :O<~i<r,O<<.j<q}. We define the 
partitions 
q--1 p--1 




"~2 := U Ck. 
k=0 
The key observation is the following. 
Lemma 2.2. For any g E Aut(F) and iE {1,2,3}, g permutes the type-i edges among 
themselves. 
Proof. For each e E E(F), we count the number of triangles in F containing e. Using 
the multiplication table (2), the following claims are easy to verify for the edges 
(H, Hap),(H, Hapl),(H, Hc),(H, Hc-l),(H, Hxk), and (H, Hx-k), 0<k<p.  Since the 
orbitals of these edges define all edges of F, we obtain that the claims hold for all 
edges. 
If e is a type-1 edge then it is contained in r(p - 1) triangles, all consisting of one 
type-1 edge and two type-3 edges. If e is a type-2 edge then it is contained in one 
triangle consisting of all type-2 edges if p = 2 and q = 3, and e is contained in no 
triangles for all other values of p, q. Finally, if e is a type-3 edge then it is contained 
in four triangles consisting of one type-1 edge and two type-3 edges, and in r(p - 2) 
triangles consisting of three type-3 edges. 
Since the numbers r (p -  1), 0 (or 1), and 4 + r (p -  2) are all different, we 
obtain that the image of a type-i edge under any automorphism ust be another 
type-/edge. [] 
Since the sets Bj, k are the connected components of the graph of type-1 edges and 
the sets Ck are the connected components of the graph consisting of the type-1 and 
type-2 edges, we immediately get the following. 
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Corollary 2.3. Ant(F) preserves the partitions 8 1 and 82. 
Lemma 2.4. (a) IAut(F)[ = rPqs, where s is a number with prime divisors no greater 
than p. 
(b) (al,a2 . . . . .  ap) is a normal subgroup of  Aut(F). 
ProoL (a) For i=  1,2 let Ki ~<Aut(F) be the stabilizer of the partition ~i. By Corol- 
lary 2.3, both Ki are normal in Aut(F). Since I~2] = p, Aut(F)/K2 <~Sp and all prime 
divisors of IAut(F):K21 are at most p. We claim that q divides [K2 :KI[ and [K2 :Kz[ 
divides 2q. 
The first claim follows from the fact that c E K2 and c permutes the blocks Bj, o for 
0 ~<j < q, so c ~ K1. For the second claim we observe that the connected component of 
type-2 edges containing the vertex H is a cycle of length q, which contains exactly one 
point from each block Bj, o for 0 ~<j <q. Hence, any element of K2 acting on the blocks 
Bj, o must be in the automorphism group of this cycle, which is the dihedral group D2q 
of order 2q. We finish the proof of the claim by showing that K2/K1 acts faithfully 
on the blocks Bj, o for O<~j<q. Indeed, for fixed O<~j<q and 0<k<p,  there exists 
exactly one j '  such that type-3 edges connect every vertex of Bj, o to every vertex of 
Bj,,k, and there are no edges connecting vertices in Bj, o to vertices in Bj,,k for j "  Cj ' -  
As j runs through 0, 1 .... , q - 1, so does j ' ;  therefore, an element of Ke/K1 fixing all 
Bj, o must fix all blocks Bj,,k as well. Since k was arbitrary, we obtain K2/K1 <~O2q. 
Finally, we claim that r p divides the order of K1 and [K11 divides (2r)P. The first 
claim is true since (al,a2 . . . . .  ap) <<,K1. For the second, we observe that the connected 
component of type-1 edges containing the vertex H is a cycle of length r, with vertex 
set B0,0. Hence K1 acts as a subgroup of D2r on B0,0. Let Kllco denote the action of K1 
on Co. We show that K1 [co acts faithfully on B0,0. Indeed, if an element of KI Ic0 fixes 
B0,0 pointwise then it fixes B1,0 pointwise as well, since the type-2 edges give a perfect 
matching between B0,0 and Bl,0. Similarly, by induction, Bj, o is fixed pointwise, since 
the type-2 edges give a perfect matching between Bj_LO and Bj, o. The same argument 
shows that K1 acts as a subgroup of D2r on B0,k for 0 <k < p and K1 [G acts faithfully 
on B0,k; therefore, K1 <~ (D2r ) p. 
(b) From the previous paragraph, it is clear that (al,a2,.. . ,ap) is a characteristic 
subgroup of K1. Since K1 < Aut(F), the claim follows. [] 
Theorem 2.5. Ant(F) has no regular subyroup. 
Proof. Suppose, on the contrary, that R~<Aut(F) is regular. Since, by Lemma 2.4(a), 
(c) is a Sylow q-subgroup of Aut(F) and any two Sylow q-subgroups are conjugate, 
we can suppose that (c)~<R. Moreover, by Lemma 2.4(b), (al,a2 . . . . .  ap) is the only 
Sylow r-subgroup of Ant(F), so S :=RN (al,a2,.. . ,ap) is a normal Sylow r-subgroup 
ii i2 ip of R. Let S = (a), with a = a 1 a 2 .. .at;.  None of the exponents ij are 0 mod r, since S 
acts transitively on the elements of ~1. Also, a c E S, so a c = a m for some m ~ 0 mod r. 
However, by the defining relation (D4), a c z~i~ z2i2 Zpip =a 1 a 2 . . .ap . This is a contradiction, 
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since the congruence system 
zlil =-- ilm, z2i2 ~ i2m,... ,Zpip -- ipm 
has no solution for m mod r. [] 
3. Constructions based on primitive groups 
In this section, we give the list of primitive permutation groups of degree n = pqr, 
where p, q, r are distinct odd primes. For each degree n occuring on the list, we also 
prove that n C NC or that there is no vertex-primitive, non-Cayley graph of order n. 
From the O'Nan-Scott theorem [18], it is easy to see that a primitive group G ~Spqr 
must have a simple socle. Liebeck and Saxl [7] characterized the possible simple socles 
of primitive permutation groups of odd degree. They distinguish the following cases: 
(I) Soc(G) is an alternating roup Ac; G acts on k-sets of [1,c], partitions of [1,c], 
or Soc(G)---A7 acting on 15 points. 
(II) Soc(G) is a sporadic group. 
(III) Sot(G) is of Lie type over a field GF(k). 
(A) If k is even then the point stabilizer G~ is a parabolic subgroup; 
(B) if k is odd then one of the about 35 situations described in [7] occurs. 
In Case I, it is straightforward to list the possible values of k, c which, if some 
number theoretic onditions are satisfied, lead to groups of degree n = pqr. These are 
in lines 1-10 of Table 1. (Note that there is one case of action on partitions, which is 
listed on line 26 via the isomorphism A8 ~ PSL4(2).) In Case II, the possible degrees 
can be obtained from the tables in Aschbacher's book [3]. The result is listed on lines 
11-17. The bulk of the work to be done is in Case III(A), resulting in lines 18-40. In 
case III(B), there are some parabolic examples, occurring on lines 18-20 and 28. In 
the non-parabolic ases, the index I G:G~I is usually divisible by at least the second 
power of k. The exceptions are in two-dimensional linear groups, and the resulting 
examples are listed on lines 41-49. 
Theorem 3.1. (a) I f  mE{1,2,18,39,40,48} then there is no vertex-primitive, non- 
Cayley graph F with Aut(F) containing the group listed on line m. 
(b) I f  m~{1,2,18,39,40,48} then the number n listed on line m is in NC. 
Part (a) is obvious, since on lines 1, 18,39,40 the groups are 2-transitive, and on lines 
2,48 the groups contain a Frobenius subgroup acting regularly. To prove (b), we first 
observe that by Theorem 1.1, the numbers n listed on lines 7, 9-13, 15, 17, 21-27, 30, 37, 
38,45,47 are multiples of numbers in NC2, hence nENC. In the remaining cases, we 
construct vertex-primitive, non-Cayley graphs of order n based on the following simple 
observation. 
Proposition 3.2. Let G~Sn, let A be an orbital of  G, and let f be the length of the 
suborbit corresponding to A. I f  f ~ 1, (n - 1)/2, or n - 1 then the general&ed orbital 
graph with edge set E( F) := A U P( A) is nonempty, not complete, and G~<Aut(F). 
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- -1  
2 
c - - I  
2 
(c -1 )  
(c--  l) 
c - l  c -2  
2 3 
c ~____t, . ( c -2 )  
z_~.  (c - 2) 
11 • 13 
11 • 13 
-11 
.11 
11 • 23 
11 . 23  
11 • 23  
11 • 19 
11.19 
k d - -  1 
k - -1  
kd /2 - -1  . kd /2+l  . kd - - I - - I  
k-1  k+l k -1  
k(d - l ) /2 - -1  . k (d - - I ) /2+l  . kd - -1  
k--1 k+l k -1  
3.7 .17  
5- 13.73 
11 • 17-31 
5 17. 127 
5 7.31 
35 .7  
3 5 .31 
*5-1 .(k 2 -k+l ) .kT -1  
k--I k--I 
(k+l ) . (k  2+1)  
(k+l ) . (k  2+l ) . (k  4+1)  
3- ~ • (2 d - 1) 
7 • 73 • 257 
2d+l • (2 d -- l ) '  (22d-2 q- 1) 
(2 d - I  -~ l ) -  (2 d -- 1) 
27;1 .(2 d_  1).(22d+2+ 1) 
(2 d+l + 1 ).  (2 d -- 1 ) 
(k+ 1) . (k  2 + 1) - (k  2 -k+ 1) 
kS+l 











1- or (d - 1)-spaces 
2- or (d - 2)-spaces 
2- or (d - 2)-spaces 
2-spaces 
2-spaces 
2- or 3-spaces 
2- or 6-spaces 
U~<V, dim(U) -- 2, 
dim(V) = 3 
U<~V, d im(U)= 1, 
dim(V) = 3 
U<~V, d im(U)= 1, 
dim(V) = 4 
3- or 4-spaces 











C-- I  2 prime 
c/2 prime 
c -  1 prime 
k, d - 1, 2 d- prime 




d=2 s+l  prime 
d prime 
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Table 1. Continued 
Soc( G ) n Action Comment 
39 PSU3(k) k 3 + 1 t.i. 1-spaces 
40 Sz(k) k 2 + 1 
41 PSL2(k 2) k • k2+1 Cosets of PGL2(k) 2 
42 PSL2(k) k .  k2-1 Cosets of A4 
24 
43 PSL2(k) k .  k2-1 Cosets of,45 
120 
44 PSL2(k) k .  k2-1 Cosets of S4 48 
45 G = PGL2(29) 5 • 7 • 29 Cosets of $4 
46 G = PGL2(59) 5 • 29- 59 Cosets of $4 
47 G = PGL2(61) 5 .31  • 61 Cosets of $4 
48 PSL2(k) k .  k -~ Cosets of Dk+l 2 
49 PSL2(k) k .  k+__.~l Cosets of Dk- l  
2 
k even 
k = 22m+ 1
k prime 
k ---- 4-3 (8) prime, 
5Xk  2 -1 ,k>~37 
k - 4-3 (8) prime, 
51k 2 - 1, k~>101 
k - -  4-7(16), 
k~>41 
k - 3 (4) prime 
k>/31 
k --- 1 (4) prime 
k>~29 
In each remaining case, we show that there exists a suborbit of length d # 1, (n - 1 )/2, 
n -1 .  In the action of Ac on pairs, the suborbit lengths are 1 ,2 (c -2 ) ,  and (c -2 )  
(c -  3)/2. On lines 3, 4, 5, (n -  1)/2 # 2(c -  2). The action of Ac on triples is rank 4, 
so it is impossible that all nontrivial suborbits have length (n -  1)/2. This handles 
lines 6, 8. On line 14, n -  1 =2.  379 and 379 X]M24], so there is no suborbit of length 
(n -  1)/2. Similarly, on line 16, n -  1 =22.  32. 29, and 18-29 XIJI[. On lines 19 and 
20 we use that the suborbit lengths of PSLd(k) acting on 2-spaces are 
k(k + 1) (k  d -2  - 1) k4(k d-2 - 1)(k d-3  -- 1) 
1, 
k-  1 (k  2 - 1) (k -  1) 
On line 28, the group has rank 4. On lines 29, 31, we use that the suborbit lengths of 
PSP2a(k ) acting on 1-spaces are 1, (qEd-1 _ q)/(q_ 1), and qEd-1. We also note that the 
1-spaces and the totally isotropic 2-spaces are interchanged by an outer automorphism 
of PSp4(k ) for k even, so on line 29 it is enough to consider the action on 1-spaces. 
In the groups t2~(k) acting on the totally singular 1-spaces, the suborbit lengths are 
], k(k d-I 23 1) (k  d -2  4- 1) k2d_ 2 
k-1  
This takes care of lines 32-36. The suborbit lengths on line 41 were computed in [16]. 
Finally, on lines 42, 43, 44, 46, 49, we observe that the stabilizer of a point has order 
less than (n -  1)/2, so all suborbit lengths must be less than (n -  1)/2. 
For each graph F we have constructed, Aut(F) is a uniprimitive permutation group 
of degree n = pqr; hence Aut(F) must have a simple socle. We claim that the socle 
of Aut(F) is the same as the socle of the primitive group G(F) whose orbitals were 
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used in the construction of F. In the case of rank 3 groups G(F),  Aut(F)  is actually 
the 2-closure of G(F) in the sense of Wielandt [19]. Hence, the simplest way to prove 
that the socle did not change is to appeal to [6]. For the non-rank 3 groups G(F), we 
can check that there is no other line m in the table where the value of n is the same, 
the group Soc(Gm) listed on line m is uniprimitive, and the normalizer Ns,(Soc(Gm)) 
contains the normalizer Ns,(G(F)). 
The final task is to show that Aut(F)  has no regular subgroup. On line 3, sup- 
pose that R is a regular subgroup, and let S be the Sylow (c -  1)/2-subgroup of R. 
By Sylow's third theorem, S is normal in R (in fact, if 3 Xc then S is in the center 
of R). We consider R as a permutation group on c points, as a subgroup of Sc in its 
natural action. The cycle structure of a generator s of S is one cycle of length (c - 1 )/2 
and (c + 1)/2 cycles of length 1, since the centralizer of a permutation with two cycles 
of length (c -  1)/2 cannot contain an element of order dividing c. Hence, R has an 
orbit of length (c - 1)/2 in the natural action, and it cannot act regularly on pairs. The 
same argument works on line 4, considering the Sylow (c/2)-subgroup of an alleged 
regular subgroup R. 
In all the remaining cases, we claim that n has two prime divisors p,q such that 
P Xq - 1, q XP - 1, and Aut(F)  has no element of order pq. This proves that Aut(F)  
has no regular subgroup, since the Hall pq-subgroup of a regular subgroup should 
be cyclic. The existence of two such primes is obvious on lines 5, 6, 8, and it can 
be proven on lines 14, 16 by looking up the orders of elements of M24, J1 in the 
Atlas [4]. 
On the remaining lines, Aut(F)  is a matrix group. In most cases, we can find a 
prime divisor p of n such that an element 9 of order p acts irreducibly on a subspace 
of co-dimension at most 2 in the natural projective module for Aut(F).  The group 
induced by the centralizer of 9 on this subspace is a Singer cycle and, because of 
the small co-dimension, the centralizer of 9 is not much larger than the Singer cycle; 
hence it cannot contain an element of order q for an appropriate divisor q of n. We can 
choose p- - (k  d-1 - 1) / (k -  1), q=(k  d/2- 1) / (k -  1) on line 19, p=(k  d -  1) / (k -  1), 
q=(k  (d-l)/2 - 1) / (k -  1) on line 20, p=(k  7 - 1 ) / (k -  1), q=(k  5 - 1) / (k -  1) on line 
28, p=(2  d + 1)/3, q=2 d -  1 on line 31, p=257,  q=73 on line 32, p=22d-2  + 1, 
q=2 d -  1 on line 33, p=22d+2+ 1, q=2 d -  1 on line 35, and p lk+ 1, q=k on lines 
41, 42, 43, 44, 46, 49. 
On lines 29, 34, 36, we have to be slightly more careful. On line 29, if k 2 + 1 is 
prime then we can choose p = k2+ 1 and any qlk + 1. If  k + 1 is prime then there is at 
least one prime divisor p of k 2 + 1 ~ such that k+ 1 J(p - 1; we can choose this p, and 
q = k + 1. On lines 34 and 36, if 2 d:F1 + 1 is prime then we can choose p = 2 a~:l + 1 
and any  q12 d - 1. On the other hand, if 2 d - -  1 
when there is no element of order dividing n 
co-dimension at most 2. In this case, we can 
is prime then we may have an exception 
and acting irreducibly on a subspace of 
choose p - -2  a - 1. An element of order 
2 d -- 1 is self-centralizing in O+d(2) and has centralizer of order 2(d + l)(2 d - 1) in 
O~+z(2 ). Hence, we can choose q as any prime divisor of 2 d-1 + 1 on line 34 and 
as the larger prime divisor of 2 d+l + 1 on line 36. 
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This finishes the proof of Theorem 3.1. The resulting non-Cayley numbers are listed 
on lines (2)-(12) of Theorem 1.2. 
4. Constructions from quasiprimitive groups 
Marugi6 et al. [12] gave a list of groups with the property that if F is any vertex- 
transitive graph of order n = pqr with quasiprimitive automorphism group then F is a 
generalized orbital graph of a group on their list. Most of the odd degrees n= pqr on 
the list are multiples of numbers in NC2, and for four degrees, we showed in Sections 2 
and 3 that they are in NC. This leaves us with only two cases to consider: 
G n =pqr 
PSLz(k) pq ~-k + 1, r l k -  1 
PSL2(k) p = k, q = L~2, rlk + 1 
The first case was analyzed by Marugi6 and Scapellato [11]; they claim in the in- 
troduction of [11] (and it can be extracted from the proof of their main theorem) that 
nENC. This leaves us to deal with the second case. 
Theorem 4.1. Let q=(p  - 1)/2 and rip + 1. Then n= pqrENC. 
Proof. We can suppose that there is no uniprimitive permutation group of degree n, 
since the degrees on lines 2, 48 in Table 1 do not have the prime factofization we 
consider now, and for all other lines of the table which contain uniprimitive groups, 
we proved in Theorem 3.1(b) that the degree of the group is in NC. 
We consider G=PSL2(p) ,  acting on the cosets of a subgroup H-~D(p+l)/r. Then 
[G:H I = n, and we shall prove that some generalized orbital graph of G has no regular 
subgroup. 
The block systems of G correspond to the subgroups of G containing H. If  [H I >4 
then there is a unique nontrivial block system consisting of pq blocks of length r, 
and the stabilizer of the block containing H is the centralizer Co(z), where z is the 
involution in the center of H. If [H I =4  then there are three nontrivial block systems, 
corresponding to the centralizers of involutions of H. However, we can suppose that 
[HI >4, since 3 [p+ 1 and so [HI=4 can happen only in the case p= 11. In this case, 
n=3.5 .11ENC.  
Let M denote the unique nontrivial block system of G, and let D:=Cc(z)-~Dp+l 
be the stabilizer of the block containing H. Let A = (a) denote the cyclic subgroup of 
order (p+ 1)/2 of D. We also fix a subgroup S ~< G with IS[ =p(p-  1)/2. Note that S 
acts regularly on M. Also, recall that there is only one conjugacy class of involutions 
in G and S acts regularly on this conjugacy class. 
Before we define a generalized orbital graph F, we consider solutions of some 
equations in G. For sES*:=S\{1},  let Ds:={dED : dSED} and Es:={dED: 
sdsED}. 
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Lemma 4.2. (a) For all sES*, Ds is a subgroup of D andEs is either empty or it is 
a left coset of D~ in D. 
(b) For all sES*, ID~IE{1,2,4}. I f  IDsl--4 then Ds={1,z, szs-l,zszs-1}. 
(c) In the case when IO~l=lEsl=2, let ds denote the non-identity element in D~. 
Then the order of dss-l d~s divides (p + 1)/4. 
Proof. (a) Ds:DAIY - ' ,  so it is a subgroup ofD.  I fxEEs and dEDs then sxsdS- -- 
s(xd)sED, so Es is a union of left cosets of Ds. Moreover, ifx, yEE~, say sxs=dl ED 
and sys=d2 ED, then y-lx=sd21dls -1EDs. Therefore, any two elements of Es are 
in the same left coset of Ds. 
(b) If the order of some dED is greater than 2 then dEA and any conjugate of 
d which belongs to D must be also in (d). Since the normalizer No( (d) ) <<. D, there 
is no sES* such that dSED. Therefore, we obtain that Ds is an elementary abelian 
2-group for all sES*. The elementary abelian 2-subgroups of dihedral groups are of 
order at most 4, so IOsl ~<4 for all sES*. Moreover, if IDol=4 then zEDs. Also, 
since s-iDes <<. D is also an elementary abelian 2-group of order 4, zEs-lD~s and so 
szs -1EDs. Hence Ds= {1,z, szs-l,zszs-1}. 
(c) We introduce the notation f~:=s-ldss and Es={el,e2}. Then selsf~=seld~s 
and selsf~ED, which implies that eld~EEs. Similarly, dssels=sf~els and d~selsED, 
implying f~el EEs. Since Es has two elements, we obtain that e2 =elds =fsel, ds =f  e,. 
In particular, since ds, fs are conjugate in D, they are non-central involutions. Since 
D=(a, fs), we can write el in the form el =fisam, for some O<m<(p+l)/2, iE{0, 1} 
(recall that a is the generator of the cyclic subgroup of index 2 in D). Then ds =fe~ = 
a-2m fs, dss-ldss=dsfs=a -2m, and (dsfs)(p+l)/4 =a-m(p+l)/2= 1. [] 
Corollary 4.3. There exists sES* such that IDs[:2, Ds <~ H, s-lDss <<. H, and Es=~. 
Proof. Let b be a non-central involution in H; then H--(b, ar). Also, let s 1 be the 
unique element of S* such that bz=SlZS~ 1.Let c be an element of the set {arb, a3rb} 
such that cCbS'; finally, let s be the unique element of S* such that bS=c. We claim 
that s satisfies the required properties. 
Since bEDs, [Ds I >>, 2. [Dsl =4 is impossible since, by Lemma 4.2(b), it would im- 
ply that b=zszs -1, bz=szs -1. However, this contradicts the fact that s¢sl. Hence 
IDol=2, Ds=(b) ~<H, and s-lD~s=(c) <~H. Also, by Lemma 4.2(a), ]Es[E {0,2}. By 
Lemma 4.2(c), [E~[=2 is impossible, since bcE{a-r,a -3r} and so (bc)(p+l)/4~l. [] 
We define the edge set of a graph F as 
E( F) :=(H, Hs ) G U (H, Hs-1) G, (4) 
where s is the element of S* constructed in Corollary 4.3. The two orbitals indi- 
cated in (4) are paired to each other, and they are different, since Es=O implies that 
Hsh=Hs -Z has no solution h EH. The suborbits corresponding to these orbitals have 
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length [HI/2=(p + 1)/2r, since Hshl =Hsh2~hlh21Es-lHscC.hlh21Es-lDss. Simi-
larly, Hs-lhl =Hs-th2C*hlh21EDs. Hence, the valency of vertices in F is (p+ 1)/r. 
Lemma 4.4. Aut(F) acts faithfully on the block system ~. 
Proof. Let K<Aut(F) be the stabilizer of 9~, and let ~ denote the vertex corresponding 
to H. It is enough to prove that K~=K since Kz is isomorphic to all other point 
stabilizers K& Hence, Kz =K implies that K stabilizes all vertices, i.e., K= 1. 
The vertex ~ has a neighbor in the block B1 corresponding to the coset Ds. For 
any d ED\H, the vertex corresponding to the coset Hd has no neighbor in B1, since 
the equations Ds=Dshd and Ds=Ds-lhd have no solution hEH. Hence, an element 
of K cannot move ~ to any other point in the block containing ~, which means that 
K~ = K. [] 
Lemma 4.5. Aut(F) ~< PGL(2, p). 
Proof. We consider the quotient graph F1 of F. The vertex set of F1 is ~; two blocks 
B l, B2 are connected if and only if there exists fl E B1 and 7 E B2 such that (fl, Y)E E(F). 
The valency of vertices in F1 is p+ 1, since all neighbors of all r points in a fixed block 
of ~ belong to pairwise different blocks. This can be shown by an argument similar 
to the one used in the previous lemma, considering the solutions of the equations 
Dsdl =Dsd2 and Dsdl =Ds-ld2. 
By Lemma 4.4, Aut(F) ~< Aut(F1 ); hence Aut(F1 ) is a uniprimitive permutation group 
on p(p-  1 )/2 points. By the list of uniprimitive permutation groups of order pq [16], 
Soc(Aut(F1))~PSL(2, p) or Ap. The latter case is impossible, since p+l  cannot be 
written as the sum of suborbit lengths of Ap acting on p(p - 1 )/2 points. [] 
Finally, we observe that Aut(F) has no regular subgroup, since the Hall pr-subgroup 
of a regular subgroup would be cyclic. However, PGL(2, p) has no element of order 
pr. This concludes the proof of Theorem 4.1, and of Theorem 1.2. 
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